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Karin Baur and Nolan Wallach 

Abstract. In this paper we give a classification of parabolic subalgebras of 
simple Lie algebras over C that satisfy two properties. The first property is 
Lynch's sufficient condition for the vanishing of certain Lie algebra cohomol- 
ogy spaces for generalized Whittaker modules associated with the parabolic 
■ subalgebra and the second is that the moment map of the cotangent bundle 

of the corresponding generalized flag variety be birational onto its image. We 
' will call this condition the moment map condition. 

!: 

1. Introduction 

' The purpose of this paper is to give a classification of parabolic subalgebras 

of simple Lie algebras over C that satisfy two properties. The first property is 
Lynch's sufficient condition for the vanishing of certain Lie algebra cohomology 
spaces for generalized Whittaker modules associated with the parabolic subalgebra 
' and the second is that the moment map of the cotangent bundle of the corresponding 

\Q , generalized flag variety be birational onto its image. We will call this condition 

the moment map condition. Associated to each parabolic subalgebra of a simple 
, Lie algebra g is a Z-grading and to each Z-grading of g corresponds a parabolic 

subalgebra. The first condition is that the parabolic subalgebra has a Richardson 

S element in the first graded part (where the grading is the one associated to the 
parabolic subalgebra). 

, If G is a semi-simple Lie group over M and if P is a parabolic subgroup of 

G such that the intersection of the complexification of its Lie algebra intersected 
with each simple factor of the complexification of Lie(G) satifies the two conditions 
then one can prove holomorphic continuation of Jacquet integrals and a variant of 
a multiplicity one theorem for degenerate principal series associated with P (|14j. 
|15p. The full classification corresponding to the first condition was the subject of 
our joint paper [5] where we classified the so-called "nice" parabolic subalgebras 
of simple Lie algebras over C. Thus the point of this paper is to list the elements 
of the list in [3] that satisfy the second condition. The second condition is just 
the assertion that the stabilizer of a Richardson element in the nilradical of the 
parabolic subgroup corresponding to the parabolic subalgebra of the adjoint group 
is the same as the stabilizer in the adjoint group. In the case of type A n this 
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condition is automatic (cf. [fy) thus nice implies both conditions. For the other 
classical groups the moment map condition is not automatically satisfied. One 
especially striking aspect of this classification is that the exceptional groups are 
"better behaved" than the classical groups. Indeed, except for the case of £7 every 
nice parabolic subalgebra of an exceptional simple Lie algebra also satisfies the 
moment map condition. In the case of E-j there are 3 (out of the 29) that do not. 

One can argue that the results of this paper are for all practical purposes in 
the literature. Indeed, most of our work involves the classical groups and amounts 
to explaining how certain results of Hesselink [5] (which he basically attributes 
to |13| ) apply. However, if one is not an expert in the subject then the determi- 
nation of whether a parabolic subgroup satisfies the conditions of the holomorphic 
continuation and multiplicity one theorem would involve a serious effort in a field 
only peripherally related to the desired application. We therefore felt that there 
was value in placing the necessary results in a short paper that could be understood 
with only the knowledge of the essentials of algebraic group theory and to give an 
easily applied listing of the pertinent parabolic subalgebras. 

The paper is organized as follows: The full classification is described in the 
next section. In section 3 we discuss the moment map condition and consider the 
stabilizer subgroup in P of a Richardson element. Section 4 treats the proof of the 
theorem in the classical case. Following that, the proofs for the exceptional cases 
are found in section 5. In the appendix we list all parabolic subalgebras of the 
exceptional Lie algebras where there is a Richardson element in the first graded 
part and such that the moment map condition is satisfied. 

The authors would like to thank Hanspeter Kraft for helpful discussions con- 
cerning the moment map condition and the normality. 

2. Statements of the results 

If not specified otherwise, g will denote a simple Lie algebra over the complex 
numbers. Fix a Borel subalgebra b in g, let h C b be a Cartan subalgebra of g. Wc 
will denote the set of simple roots relative to this choice by A = {ai, . . . , a n }. We 
always use the Bourbaki-numbering of simple roots. 

Let p C fl be a parabolic subalgebra, p = m © u (where m is a Levi factor and 
u the corresponding nilpotent radical of p). After conjugation we can assume that 
p contains the chosen Borel subalgebra and m D f). If b has been fixed then we will 
say that p is standard if p D b from now on. In particular, if p is standard then it 
is given by a subset of A, namely the simple roots such that both roots spaces Q± a 
belong to the Levi factor of p. 

Thus such a parabolic subalgebra is described by a n-tuple, (ui,...,u n ) in 
{0, l} n : ones correspond to simple roots with root spaces not in m. Equivalently, a 
parabolic subalgebra is given by a coloring of the Dynkin diagram of the Lie alge- 
bra: a black (colored) node corresponds to a simple root whose root space belongs 
to m. Here, one has to be very careful since there exist different notations. Our 
choice was motivated by the coloring for Satake diagrams. Let (ux, ...,it n ) define 
the parabolic subalgebra p and and H G \) be defined by ati(H) — Ui. If we set 
Qi = {x E g\[H,x] = ix} then p = X«>oS«- 

2.1. Results in the classical cases. As is usual, we will refer to the simple 
Lie algebras of type A n , B„, C n , D„ as the classical Lie algebras and the remaining 
five simple Lie algebras will be called exceptional. We realize the classical Lie 
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algebras as subalgebras of gl N for N = n+ l,2n+ l,2ra, 2n respectively. With 
A n the trace zero matrices, B„,D„ the orthogonal Lie algebra of the symmetric 
form with matrix with all entries except for those on the skew diagonal which 
are 1 and C„ the symplectic Lie algebra for the symplectic form with matrix whose 
only nonzero entries are skew diagonal and the first n are 1 and the last n are —1. 
With this realization we take as our choice of Borel subalgebra the intersection of 
the corresponding Lie algebra with the upper triangular matrices in qI n . We will 
call a parabolic subalgebra that contains this Borel subalgebra standard. If p is a 
standard parabolic subalgebra then we refer to the Levi factor that contains the 
diagonal Cartan subalgebra, f), by m and call it the standard Levi factor. One has 
to be careful in the case of D n since the two parabolic subalgebras with exactly one 
of the last two simple roots a n , q„_i as roots of the Levi factor are conjugate under 
an outer automorphism. To avoid ambiguity for n > 5, we will always assume in 
this case that a„_i is the root of the Levi factor. 

Thus for all classical Lie algebras the standard Levi factor is then in diagonal 
block form given by a sequence of square matrices on the diagonal. We denote 
h by d = (di, . . . ,d m )- For the orthogonal and symplectic Lie algebras, these 
sequences are palindromic. In that case we write d = [d\, . . . , d r , d r , . . . , di) or 
d = (rfi, . . . , d r , d r+ i, d r , ■ ■ ■ , di). If p is a parabolic subalgebra for one of these Lie 
algebras then if m is the standard Levi factor of the parabolic subalgebra to which 
it is conjugate then we will say that m is the standard Levi factor. 

We describe now the parabolic subgroups in the classical cases that have the 
desired properties. 

Theorem 2.1. Let P C G be a parabolic subgroup of a classical group. Let m 
be the standard Levi factor of the Lie algebra of P , let d be the vector describing 
the lengths of the blocks in m. Then there is a Richardson element x 6 gi with 
G x = P x if and only if P C G is one of the following: 

(i) G = SL n _|_i and the entries of d satisfy d\ < ■ ■ ■ < d s > ■ ■ ■ > d r (uni- 
modality of d). 

(ii) G = Sp 2ra , d is unimodal and if m has an odd number of blocks, all di are 
even. 

(iii) G — SO at, d is unimodal and if m has an even number of blocks then there 
is at most one odd di and in this case, i < r and di < d r — 3. 

As a consequence, any such P is given by an 5I2 -triple (see the next section for 
the definition) if G = Sp 2 „, G = S02 n +i or in the case of G = S02 n with m having 
an odd number of blocks. If G = S02n with an even number of blocks, the only 
such P that are not given by an an sl2-triple are the ones with one odd di (and 
di < d r — 3). 

It is often useful to know when the orbit of Richardson elements has normal 
closure. We keep the notation of Theorem 12.11 above. By any orbit closure is 
normal for G — SL„ . Using Jgj (for all cases except for part of the very even orbits 
in SOin) and |12j (for the remaining very even orbits), one can check whether the 
orbit of Richardson elements has normal closure. 

Remark 2.2. Let P = P(d) C G with G = Sp 2n or SOn be one of the parabolic 
subgroups of Theorem 12.11 Let X G n be a Richardson element for P. Then the 
orbit GX has normal closure exactly in the following cases. 



4 



KARIN BAUR AND NOLAN WALLACH 



/■\ q g / m ^ aS an even numrj er of blocks. 

^ ' 2n 1 m has an odd number of blocks and di = d 2 = ■ ■ ■ = d r . 



(ii)G = S07v < 



1) m has an odd number of blocks. 

2) m has an even number of blocks, and 

a) d\ = ■ ■ ■ = d r (even) , 

b) di = ■ ■ ■ = d s , d s+ i = d s + 2, d s+ i = ■■■ = d r , (even), 

c) there is one odd entry di , di < d r — 3 with i = 1 

and c?2 = • • • = d r or i > 1, d\ = ■ ■ ■ = di— ij di — di-± = 1 
and d i+ i = ■ ■ ■ = d r . 



2.2. Results in the exceptional cases. In this subsection we will state the 
classification of nice parabolic subalgebras for the exceptional simple Lie algebras. 
The parabolic subalgebra will be given by an n-tuple where n is the rank and the 
entries are ai(H) where H is the element that gives the grade corresponding to the 
parabolic subalgebra and the are the simple roots in the Bourbaki order. 

We give an explicit list of all the parabolic subgroups with a Richardson element 
in Qi and with P x = G x for Richardson elements in the appendix. 

We first recall that for G — G2 or F4 all parabolic subalgebras with an Richard- 
son element in gi are given by an s^-triple. (cf. 3 ). Since all such P satisfy 
Px = G x as we will see later, the list of parabolic subgroups with a Richardson 
element in gi and with P x — G x is just the list of parabolic subgroups given by an 
5l2-triple. 

If G is of type E„ than the picture is the following: 

Theorem 2.3. The parabolic subgroups P o/E„ that have a Richardson element 
x in Qi and P x — G x are the parabolic subgroups that have a Richardson element 
in 0i except for the following three subgroups 0/E7: 

(1,1,0,0,0,0,1) 
(0,0,1,0,0,0,1) 
(0,0,0,0,1,0,1) 

3. Birationality of the moment map 

Let G be a connected semisimple linear algebraic group over the complex num- 
bers, B a Borel subgroup containing the maximal torus T. We denote the Lie 
algebras with corresponding gothic letters. Let P D B be a parabolic subgroup of 
G, P — M ■ N with M a Levi factor and N the corresponding unipotent radical. 

The dual of the cotangent bundle of G/P, T*(G/P) is a G-manifold with a 
natural symplectic form. In particular, there exists a moment map 

MP : T*(G/P) -^g* 

After identifying T*(G/P) with the homogeneous G- vector bundle G x p (g/p)* and 
dualizing (use G x p (fl/p)* = G x p n) we obtain the map 



ipP : G x n — > g 

(g,X) ~ Ad(g)X 

where n = LieN is the nilradical of P. Its image is Gx for x a Richardson element 
in n. In case P = B, a Richardson element is a regular nilpotent element and so 
the image is equal to the nullcone Gn = N which is normal. 



A CLASS OF GRADINGS OF SIMPLE LIE ALGEBRAS 



5 



Of special interest is the case where i\)p is birational onto its image. In that 
case, a result of the second named author shows that for the space of generalized 
Whittaker vectors (certain linear maps on a representation induced from a Frechet 
representation space of Pr) a multiplicity one theorem holds if P has a Richardson 
element in 21 (cf. |14|). 

From the discussion above we find that the following holds: 

Lemma 3.1. Let P be a parabolic subgroup of G. Then the induced map ipp 
is birational onto its image if and only if for any Richardson element x for P the 
stabilizer G x is contained in P. 

To describe the main class of parabolic subgroups for which there is a Richard- 
son element in jji and such that the stabilizers of Richardson elements in G resp. 
in P agree, we introduce the following notion: 

Definition 3.2. Let p = (Bj>o2j be a parabolic subalgebra where the grading 
of g is given by H 6 f). We say that P (or p) is given by an s\i-triple if there exists 
a nonzero x £ 2i such that the Jacobson-Morozov triple through x is {x, 2H, y} 
(for some y £ g). 

By construction, such an x is a Richardson element for P that belongs to gi. 
Furthermore, we recall the following standard result (cf. |10j . a simple proof can 
be found in [14] ^ . 

Theorem 3.3. Let P C G be a parabolic subgroup. LfP is given by an sii-triple 
then P x = G x for Richardson elements. 

We will see that if P has a Richardson element x m 2i and P x — G x then P 
is given by an s^-triple for types B„, C„, G2 and F4 and for D n if the number of 
blocks in m is odd. 

The following observations proves to be very useful for the exceptional cases. 

Lemma 3.4. If P is a parabolic subgroup that has a Richardson x element in 
0i then the number of components of P x is the same as the number of components 
ofM x . 

PROOF. Let p = n- meP x ,n£N and m e M. Set y — Ad(m)x. This 
lies in 21 since Ad(m) preserves every component 2j- Now n is unipotent, so 
x = Ad(p)x — Ad{n){Ad(m)x) — Ad(n)y = y mod X^>i£b- So y — x, i.e. 
m S M x and then n G N x . This gives P x = M X N X , hence P x /P x = M x /M° (N x is 
connected). 

□ 

Lemma 3.5. Let Pi C G, i = 1,2, be parabolic subgroups with Richardson 
elements Xi in 21 ■ Assume that the corresponding Levi factors are conjugate. Then 
x\ and X2 are conjugate. 

Proof. This is Corollary 5.18 in g|. □ 

COROLLARY 3.6. In the situation above, the stabilizer subgroups (M\) Xl and 
{M2)x 2 have the same number of components. 
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4. Proof of the theorem, classical case 

We prove the statements of Theorem 12. II bv a case by case check. 

Recall that if G is classical case, P C G is given by the sequence of block lengths 
in the standard Levi factor, d = (dj., . . . , d m ) for A„ and d even — (di, . . . , d r , d r , . . . , di) 
or d odd = (di,...,dr, d r+ i,d r , ...,di) (with d r +i > 0) for B„, C„, D„. If G is of 
type A„, then we always have P x — G x (x nilpotent), since G x = g[(n + 1, C) x H G 
or as Hesselink observed in [13 Section 3.1]: 

Lemma 4.1. Let x £ gl„ &e a nilpotent element. Then the centralizer G x of x 
in G is connected. 

In our earlier paper [3] we have described the parabolic subgroups of the clas- 
sical groups that are given by an s[2-triple. In type A„, P is given by a sl2-triple 
if and only if d is unimodal and palindromic. On the other hand, any parabolic 
subgroup of A„ with unimodal sequence of block lengths in the standard Levi factor 
has a Richardson element in q\. So there are many parabolic subgroups that are 
not given by an s [2 -triple but still have a Richardson element in gi and birational 
ip P . 

From a more general statement of Hesselink for the number of components 
of G x /P x for types B„, C„ and D„ we obtain the characterization of parabolic 
subgroups of these with G x — P x (x a Richardson element). 

To formulate the statement we introduce some notation: As is customary, set 
e = 1 for G = Sp 2n and e = for G = SOjy. If x is a Richardson element and A 
its partition, ordered as A — Xi > A2 > . . . , we define N oc [d(X) to be the number of 
odd parts in A and B(X) := {j e N | Xj > Xj + i,Xj e mod 2}. 

Theorem 4.2. Let G be of type B n , C„ or D„, P C G. Let X be the partition 
of the Richardson element for P corresponding to its Jordan form as an element 
of M n (<C). Then the induced map tpp is birational onto its image exactly in the 
following cases: 



(<) 


N odd {X) 


— d r+ \ 


ifd = 


d odd 






(ii) 


N odd {X) 


= 


ifd = 


—even ' 


G = 


SP2n! 








ifd = 


—even i 


G = 


S0 2 n 


{Hi) 


N odd (X) 


= 2 


ifd = 


—even i 


G = 


S0 2 n 



B(X) = 0; 
B(X) ^ 0. 

Proof. This is a special case of Theorem 7.1 in [B]. □ 
As an immediate consequence, we obtain: 

Corollary 4.3. Let P be a parabolic subgroup of Sp 2 „, given by d = d even . 
Then P has a Richardson element x £ gi and P x — G x if and only if P has a 
Richardson element in Qi if and only if d\ < ■ ■ ■ < d r . 

Proof. For any P C Sp 2 „ given by d even the partition of a Richardson element 
has only even parts. Explicitly, A = (2r) dl , (2r - 2) d2 ~ dl , . . . ; 4^-1-^-2 ; 2 d >- d -i 
([21 Lemma 4.7]). So by part (i) of Theorem l4.2l G x = P x for Richardson elements. 
The statement then follows since P has a Richardson element in gi if and only if 
dLeven * s unimodal ([3] Theorem 1.3]). □ 

Corollary 4.4. Let PcG = Sp 2n be given by d odd . Then P has a Richardson 
element x in Qi and P x = G x if and only if all di are even. 
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Proof. From p2 Theorem 1.3] we know that P has a Richardson element 
in gi if and only if d odd is unimodal and if any odd di appears only once among 
di, . . . , d r . From [2] Lemma 4.7] the dual of the partition of a Richardson element 
is d r+ i U {{J dt £ Do d t , d t } U{U dieDo d. k - 1, d» + 1} where D a := {d t \ d t = 1} is the 
set of odd entries of g? ocM . In any case, the partition of a Richardson element has 
d r +i parts. If all di are even, the partition of a Richardson element is 

A : (2r + l) dl , (2r - l) d ^ 3*-*-i j ^r+t-dr 

In particular, its parts are all odd and by (i) of Theorem 14.21 we get G x = P x for 
Richardson elements. 

If we assume that D Q is not empty (i.e. that there are odd di then the partition 
A of a Richardson clement still has d r+ ± parts. As one can check, A contains 2 even 
parts for every odd di. So by (ii) of Thcorcm l4.2l ipp is not birational (it is in fact 
a fc-fold covering map where k = 2 d '-+ 1 / 2 -|- D °l , using the full version of Theorem 7.1 

of EH). □ 

Corollary 4.5. Let P be a parabolic subgroup of S02 n that is given by d = 
d even . Then P has a Richardson element x in gi and G x = P x if and only there is 
at most one odd di and in that case, di < d r — 3. 

Proof. We recall Theorem 1.4 of P has a Richardson element in Qi exactly 
in the following cases: d± < ■ ■ ■ < d r or di < ■ ■ ■ < d t -\ < dt and d t +\ = ■ ■ ■ = d r 
are equal to dt — 1 (for t = 1 the condition d t -\ < d t means dt > 1). Furthermore, 
in both cases, odd di appear only once among d\, . . . , d r . 

In the second case we may reorder d to have d\ < ■ ■ ■ < d r . The corresponding 
parabolic subalgebra still has a Richardson element in gi . Since the two Levi factors 
are conjugate, we can apply Corollary 13.61 to see that the stabilizers of the corre- 
sponding Richardson elements have the same number of components. Furthermore, 
the corresponding Richardson elements are conjugate. So using Lemma 13.41 we see 
that G x ~~ Px 

can be checked for the reordered d. 
So from now on we assume d\ < • • • < d r . The dual of the partition of a 
Richardson element is {{J d .^ Do di,di} U {{J d . eDo di — 1, di + 1}, where D Q is the set 
of odd di among d\,...,d r (0 Lemma 4.7]). The corresponding partition has no 
odd parts if all di are even, in that case, it is 

2r dl ,2(r-l) d2 - dl ,...,2 d ^- d ^- 1 . 

In particular, we then have B(X) — 0, and by (ii) of Theorem 14. 21 G x — P x . Now 
let Z?o 7^ 0- For every element in D Q , the partition of a Richardson element has 
two odd entries, i.e. N odd (X) = 2\D a \ and by (ii) and (iii), \D D \ < 1. It remains to 
consider the case D Q ~ {di}. One checks that the corresponding partition is 

2r d \ . . . ,2(r - (i - 2)) d ^~ d >-\ 2(r - (i - i))*-*-!-^ (2(r - (i - 1)) - l) 2 , 
2(r - i)<k+t-<k-i^ 2 ( r - (i + i))<*<+2-d<+ l} . . ^d r ^-d r ^ ^ d -- d -K 

It has two odd entries. If di = d r — 1 then di + 1 = di + \ = ■ ■ ■ = d r and the smallest 
nonzero entries of the partition are 2(r — (i — 1)) — 1, i.e. odd. So B(X) is empty 
and hence by (ii) of Theorem l4.2l G x ^ P x . Otherwise, di < d r — 3 and the smallest 
entries are even, so B(X) ^ and G x = P x . 

The unimodality now follows with the observation that there is no odd di with 
I m&Xj{dj} — di\ = 1. □ 
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It remains to deal with the case of the special orthogonal groups in the case 
where the standard Levi factor has an odd number of blocks. By Theorem 14.21 
the induced map ipp is birational onto its image if and only if the partition of a 
Richardson element has exactly d r+ ± odd parts. 

Corollary 4.6. Let P C G = SO at be given by d — d odd . Then P has a 
Richardson element x in Qi and G x — P x if and only if d\ < ■ ■ ■ < d r < d r+ \. 

Proof. We recall that P has a Richardson element in gi in exactly the follow- 
ing cases: either di < • • • < d r +i or there is a t < r such that d\ < • • • < d t ~\ < d t 
and dt+x = • ■ ■ = d r+ i is equal to d t + 1. 

We first consider the case where d odd is unimodal (so d r +\ is maximal). By 
Lemma 4.7 of j2], the dual of the partition of a Richardson element has just the 
entries d\,d\, . . . ,d r ,d r , d r+ \ and so the partition A of a Richardson element is 

(2r + l) dl , (2r - l) d ^ d \ . . . 3*-*-i ( ^i-*- 

and has d r+ \ odd parts. Thus by (i) of Theorem l4.2l the map ipp is birational onto 
its image. 

Now we consider the case where d odd is not unimodal. As in the proof of 
Corollary 14.51 we can reorder d since the corresponding parabolic subalgebra also 
has a Richardson element in g±. So we may assume d% < • • • < d r d r +i = d r + 1. 

By the Lemma f4 .71 b elow . A has d r+ i + 2 entries. If we show that all of these 
are odd, then by (i) of Theorem 14. 21 the induced map ipp is not birational onto its 
image. In fact, it will be a two-fold cover. Let d/_ = dS_ odd be the dimension vector 
obtained by replacing d r by d r — 1. Then df_ is unimodal. Let X(d) resp. X(d!) be 
the corresponding Richardson elements. It is easy to see that the maps X (d) k and 
X{d') k have the same rank for every k G N (for details we refer the reader to p2 
Section 3]). Hence dimker X(d) k = dimker X(d') k + 2 for all k. From that one 
can compute the partitions A resp. A': A is obtained from A' by adding {1, 1}. We 
already know that the partition A' has d r +± odd entries. Hence A has d r +i + 2 odd 
entries. □ 

Lemma 4.7. Let P C G be a parabolic subgroup o/SO^r or Sp 2 „, P be given 
by d = d odd . If max di = d r+ \ + 1 then the partition X of a Richardson element has 
d r+ \ + 2 parts. 

Proof. For X e q[ n is a nilpotent element with partition A, the number of 
parts of A is equal to the dimension of the kernel of the map X . This follows 
immediately from the formula for the partition for nilpotent matrices, as given 
in Section 3]: 

A:m am ,(m-l) am - 1 ,...,l ai 
with Oj := 2dimkerX J — dimkerX-' -1 — dimker X JJr \ m the maximal number 
such that kerJ™- 1 C kcr X m = C N (with dimkcrX m+1 = C N ). In particular, A 
has o,k = dimker X parts. 

Now if X is a Richardson element for P it is in particular a generic element of 
the nilradical. W.l.o.g. we can assume d\< ■■ ■ <d r (by Lemma r3.5fl . So the rank 
of X is 

r— 1 

rkX = 2 min{c?i, rfi+i} + 2 min{d r , rf r +i} 
i=i 

= 2(dH Vdr-i) + 2d r+ i 
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Hence its kernel has dimension 2d r — d r +i = d r +i + 2. □ 

From the description of parabolic subalgebras given by an sl2-triple that is in 
our earlier paper [3] we can now deduce: 

Corollary 4.8. For types B„,C„ and D„, the parabolic subgroups with a 
Richardson element in Qi and with P x = G x are those given by an s\2-triple except 
in the case o/D n with an even number of blocks. There, the extra family of examples 
are the ones with one odd entry dj (with d, <d r — 3). 

Remark 4.9. The proofs of the statements Corollary 14.31 14.41 14.51 and l4~6l 

all directly used Theorem 14.21 via the partition of the corresponding Richardson 
element. The statements could have also been proved indirectly using Corollary 7.7 
of |5] . Since this corollary uses very intricate notation and is stated without proof, 
we decided to include the proofs for our statements. 



5. Result for exceptional groups 

The parabolic subgroups of G2, F4 and E6 with have a Richardson element x 
in gi all satisfy G x = P x - In the case of G2 and F4 this follows from the fact that 
all parabolic subgroups with a Richardson element in Q\ are given by an sb-triple. 
Hence the claim follows by Theorem 13. 31 

For E„ we can use a list of Sommers. In Sommers classified the nilpotent 
elements of the exceptional Lie groups whose centralizers are not connected. For 
Eg all these are the nilpositive element of an sl2-triple. In particular, they all have 
the property G x = P x for Richardson elements. 

It remains to understand E7 and Eg. From the classification of parabolic sub- 
groups with a Richardson element in gi we know that there are five parabolic 
subgroups in E7 resp. one in E 8 that are not given by an s^-triple but still have 
a Richardson element in gi. We list them here together with the dimension of the 
Richardson orbit O x (obtained from the formula dimm = dimg^ that holds for 
Richardson elements) and its Bala-Carter label. Recall that an entry 1 stands for 
a simple root that is not a root of the standard Levi factor. 

dim O x Label 



a) 


(1,1,0,0,1,0,1) 


118 


D 6 


b) 


(1,1,0,0,0,0,1) 


106 


D B (ai) 


c) 


(0,1,1,0,0,1,1) 


118 


D 6 


d) 


(0,0,1,0,0,0,1) 


104 


A 4 + Ai 


e) 


(0,0,0,0,1,0,1) 


104 


A 4 + Ai 



E 8 /) (0,0,1,0,0,0,1,0) 216 D 6 

Note that the Levi factors of a) and c) are the same as well as the Levi factors 
of e) and d). Since the condition P x = G x only depends on the Levi factor (cf. 
Lemma [3. 5f) . it is enough to understand one of e) and d) resp. one of a) and c). 
Using Sommers list one checks that the groups G x are connected for a), c) and f). 
So in these cases, the parabolic subgroup has the property G x = P x . 

Lemma 5.1. Let P be one of the remaining parabolic subgroups b),d), e), with 
x a Richardson element for P. Then G x 3 P x . 
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We discuss b) and d) to prove this claim. 



Example 5.2. Let P be the parabolic subalgebra (0,0,1,0,0,0,1) of E 7 . Set X 
to be the following element of Q\: 

X = X 3 + #24567 + £134 + ^234 2 56 + ^12345 

where xi denotes a non-zero element of the root space of ai :— ^2 ieI ol%. Using the 
program GAP for the Lie algebra L :— E7 one computes that the dimension of the 
centralizer of X in L is 29, the corresponding command is 

LieCentralizer(L, Subalgebra(L, [X])); 
But this is just the dimension of the Levi factor, so X is a Richardson element for 
this P. 

From Sommers list we know that Gx is disconnected. We now show that 
Px is connected. Lemma EOI implies that it is enough to prove that M x is connected. 
We will now calculate the stabilizer of X in the Levi factor. If M is the Levi factor 
of P then Mo := (M, M) = GL2 x GL5. The first graded part jji corresponds to the 
representation (C 2 )* <£> A 2 (C 5 ) © (C 5 )*. Under this correspondence, the Richardson 
element has the form 

V := v 2 <X> (e 2 A e 4 + e 3 A e 5 ) + V\ ® [ei A e 5 + e ± A e 2 ) + eg. 

(The e l form a basis of C 5 , the v t of C* and e* of (C 5 )*). Elements of M stabilizing 

i. Hence for 



V are pairs (h, g) G GL2 x GL5 that satisfy in particular ge\ 
{gij)ij we have g^i = (i < 4) and 355 = 1. Let h — 



GL9 



Writing out the equations given by (h,g)V = V one uses det/i ^ to obtain 
.913 = 523 = 514 = .924 = 0. With these simplifications, the stabilizer in Mq can be 
computed with mathematica, it is the subgroup 



17 



I V 



,/ 

521 

_ c 2 














" 


\ 


a 
d 








c 
d 





1 


c 










d 



a 
















1 _ 


/ 



a, c, d, 521 G C, ad ^ 



> C GL 2 xGL 5 . 



But this is just (C*) 2 x C 2 which is connected. 

Example 5.3. Let P be the parabolic subalgebra (1,1,0,0,0,0,1) of E 7 . As in 
the previous example, one can use GAP to check that the following element 

X = X 7 + £i345 6 + X23425 + £23456 ~ ^234 - ^245 

of Qi satisfies dimg x = dimm = 27, so it is a Richardson element for P. 

By Sommers list, we know that Gx is not connected. To see whether P x is 
connected we calculate the stabilizer of X in the standard Levi factor M of P. We 
have M = (M, M) = GL 5 and gi corresponds to the representation C 5 A 2 (C 5 ) 
(C 5 )*, and the Richardson element has the form 

U := ei A e 3 + eg + ei + e 3 A e 5 + e 2 A e±. 

So we have to determine whether the set {g G GL5 | gV = V} is connected. First 
we observe that ge\ = e\ and ge\ — e\ imply <?n = 355 = 1 whereas the other 
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entries of the first column and last row are zero. Using mathematica one obtains 



GL 5 3 g 



1 

















322 





524 


525 





532 


1 


534 


535 





542 





544 


545 














1 



together with the equations 

522534 - 532524 ~ 525 = 

522544 - 542524 -1 = 

532544 - 542534 + 545 = 

The second equation implies g G SL5. We use mathematica to compute a Grobner 
basis for these equations in the nine variables and obtain 

-534542 + 532544 + 545, 
534 — 525544 + 524545, 
532 - 525542 + 522545, 

— 1 — 524542 + 522544, 
—525 - 524532 + 522534 

We set xi = 322, x 2 = 544, 2:3 = 542, x 4 = g 2i and y 1 = g 25 , V2 = 545 53 = 532, 
54 = 534- We also set 

[-X2 X 3 _ 

then the fourth equation says that det A = 1. Hence 



%3 
;r 2 



-X4 



A~ 



The other four equations say that 





A- 1 



This is equivalent to 



This implies that the isotropy group of V is isomorphic with SL2 x C 3 as a variety 
(here the C 3 is given by the free variables j/3, j/4 and #35) which is connected. 



5i 




51 


52 




52 


53 




53 


y*. 







A 


53 




5i 




M 4 . 




52_ 



Appendix 

Here we include the list of all parabolic subgroups in the exceptional Lie al- 
gebras where there is a Richardson element in the first graded part 21 and where 
G x = P x holds for Richardson elements. We list them as in our article [3]. In the 
case of E7 we omit the three parabolic subgroups with P x C G x (examples 5, 20, 
25). 
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(1,1) 

(1,0) 
(0,0) 



1 
± 


\ 1 


1 

1 


1 
1 


1 1 


1 J 




z 


\ 1 


1 


1 
1 


n 1 

U, 1, 


1 A 
1 J 


l^ 1 


Q 
O 




1 


1 
1 


n 1 

U, 1, 


U ) 


(^ 1 


A 

4 


(~\ 

yl 


1 


n 
u 


1, u, 


1 ) 


l^ 1 





( i 
^ 1 


1 

1 


u 


n 1 
U, 1, 


U ) 









1 


n 
u 


u, u, 


1 \ 
1 j 




7 


( i 


1 


n 

u 




yj ) 


{L, u 


8 


(1 





1, 


1,0, 


i) 


(1,0 


9 


(1, 





1 


0,0, 


i) 


(1,0 


10 


(1 





1, 


0,0, 


0) 


(1,0 


11 


(1, 








1,1, 


1) 


(1,0 


12 


(1 








1,0, 


1) 


(1,0 


13 


(1 








1,0, 


0) 


(1,0 


14 


(1 








0,1, 


1) 


(1,0 


15 


(1 








0,1, 


o) 


(1,0 


16 


(1 








0,0, 


1) 


(1,0 


17 


(1 








0,0, 


0) 


(0,1 


18 


(0 


1, 


1 


0,1, 


1) 


(0,1 


19 


(0 


1, 


1 


0,0, 


1) 


(0,0 


20 


(0 


1, 





1,0, 


0) 




21 


(0 


1, 





0,0, 


1) 


(0,0 


22 


(0 


1, 





0,0, 


0) 


(0,0 


23 


(0 





1 


0,0, 


1) 


(0,0 


24 


(0 





1 


0,0, 


0) 


(0,0 


25 


(0 








1,0, 


1) 




26 


(0 








1,0, 


0) 


(0,0 


27 


(0 








0,1, 


1) 


(0,0 


28 


(0 








0,1, 


0) 


(0,0 


29 


(0 








0,0, 


1) 


(0,0 


30 


(0 








0,0, 


0) 





F 4 

(1,1,1,1) 
(1,1,0,1) 
(1,1,0,0) 
(1,0,0,1) 
(0,1,0,1) 
(0,1,0,0) 
(0,0,0,1) 
(0,0,0,0) 

E 7 E 8 



11111"; 

1 l -L, 1 l L ) 


('\ 1 

[1, 1 


1 1 

, 


1 

L 


1 

± 


1 

L 


1 "1 


i n 1 1 i 

1, U, 1, 1, 1J 


(1 1 

11, 1 


i n 


1 


1 

1 


1 


1 "\ 

1 1 


i (i 1 n 1 


('\ 1 

11, 1 


i n 


1 

1 


n 
u 


1 

1 


1 "1 

± J 


n n 1 n i 

U, U, 1, U, LJ 


I 1, u 


n 1 

U, 1 


n 


1 

1 


1 

1 


1 \ 

1 1 




(1,0 


0, 1 





1, 





1) 


1,1,0,1,0) 


(1,0 


0,1 








1 


1) 


1,0,0,1,0) 


(1,0 


0,1 








1 


o) 


1,0,0,0,0) 


(1,0 


0,0 


1 








1) 


0,1,0,1,1) 


(1,0 


0,0 





1, 


1 


1) 


0,1,0,1,0) 


(1,0 


0,0 





1, 





1) 


0,1,0,0,1) 


(1,0 


0,0 





1, 





o) 


0,0,1,0,0) 


(1,0 


0,0 








1 


1) 


0,0,0,1,1) 


(1,0 


0,0 








1 


o) 


0,0,0,1,0) 


(1,0 


0,0 











1) 


0,0,0,0,1) 


(1,0 


0,0 











o) 


0,0,0,0,0) 


(0,1 


0,0 











1) 


1,0,0,1,1) 


(0,1 


0,0 











o) 


0,0,0,0,0) 


(0,0 


1,0 





o, 


1 


o) 


1,0,0,1,0) 


(0,0 


0,1 








1 


1) 




(0,0 


0,1 





o, 


1 


o) 


1,0,0,0,0) 


(0,0 


0,1 











1) 


0,1,0,1,0) 


(0,0 


0,0 


1 








1) 


0,1,0,0,1) 


(0,0 


0,0 


1 


o, 





o) 


0,1,0,0,0) 


(0,0 


0,0 





1, 





o) 




(0,0 


0,0 








1, 


1) 


0,0,1,0,0) 


(0,0 


0,0 








1 


o) 


0,0,0,1,0) 


(0,0 


0,0 





o, 





1) 


0,0,0,0,1) 


(0,0 


0,0 











o) 



0,0,0,0,0 
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